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Abstract

The structural nonlinear aeroelastic analysis of folding wings is conducted by integrating
the modified Doublet Lattice Method in this paper. Firstly, a modified Doublet Lattice
Method is investigated to relax the aspect ratio limitation of aerodynamic elements, and its
correctness is verified through numerical examples. Secondly, the rational function
approximation method is discussed, and the modified Doublet Lattice Method is
approximated using the minimum state method to obtain the unsteady aerodynamic forces
in the time domain. Finally, the aeroelastic characteristics of a folding wing with free-play
and friction nonlinearity are studied by integrating time-domain unsteady aerodynamics
with the nonlinear structural dynamics model. The results show that the modified Doublet
Lattice Method, which relaxes the aspect ratio limitation of aerodynamic grid elements, is
feasible and effective; Friction can suppress the influence of free-play nonlinearity on
aeroelastic response.
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10Introduction

With the complexity of aircraft flight missions, the ability to adapt to multiple tasks and achieving “one aircraft with
multiple capabilities” has gradually become a new requirement for aircraft design. As a result, morphing aircrafts that
can change the shape of aircraft to adapt to different flight environments, improve aerodynamic performance, and
expand flight envelopes have emerged, and have shown broad application prospects in the aviation field [1]. At
present, the morphing mode that has been extensively studied is still folding wings [2].

Snyder et al. analyzed the vibration and flutter characteristics of the folding wing configuration [3]. Wang et al.
conducted relevant research on the aeroelasticity and structural mechanics of folding wing models [4]. Lee et al.
utilized MSC.NASTRAN and ZEARO software to analyze the relationship between flutter and folding angle [5], and
further conducted structural nonlinear aeroelastic analysis [6]. Attar et al. conducted theoretical analysis and
experimental verification on the nonlinear aeroelastic response of the folding wing structures [7]. Reich et al. analyzed
and studied the aeroelastic issues during folding and unfolding processes [8]. Zhao et al. established a parameterized
aeroelastic model of a folding wing using component synthesis method and Doublet Lattice Method, and compared
the flutter boundary obtained from the parameterized model with the results obtained through MSC.NASTRAN [9].
Tang et al. established a linear aeroelastic equation for a folding wing structure using a three-dimensional time-
domain vortex lattice method, and studied its stable boundary. Finally, the influence of different parameters on the
flutter boundary was discussed and compared with the results of experiments [10]. Hu et al. established an aeroelastic
model with cubic nonlinearity using the Lagrange equation and a surrogate model based on the Doublet Lattice
Method, and conducted corresponding analysis[11]. Ni et al. used mode synthesis method and Doublet Lattice Method
to analyze the flutter boundary of a folding wing, and further analyzed the aeroelastic response during the folding
process using multi-body dynamics theory [12-13]. Yang et al. conducted nonlinear aeroelastic analysis in both
frequency and time domains for folding wings with free-play, using mode synthesis and descriptive function methods
[141.

In existing research, the calculation of aerodynamic forces is mostly based on the Doublet Lattice Method. However,
the Doublet Lattice Method generally requires the aspect ratio of the elements to be less than 3. In this case, a dense
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spanwise element must be adopted to improve computational accuracy, greatly increasing computational time and
storage space [15]. Therefore, itis necessary to modify the Doublet Lattice Method to reduce the number of
aerodynamic elements, and thus reduce the calculation time of unsteady aerodynamics in the frequency domain. In
the research on structural nonlinear aeroelasticity, the influence of free-play on wings has been studied through
experimental and numerical methods, but all of these studies have not provided a good solution to weaken the
influence of free-play nonlinearity. Therefore, for the study of aeroelasticity of folding wings, on the one hand, it is
necessary to modify the Doublet Lattice Method to improve computational efficiency. On the other hand, it is
necessary to propose reasonable solutions to suppress the nonlinearity based on predicting nonlinear aeroelastic
phenomena.

The modified Doublet Lattice Method is used to conduct structural nonlinear aeroelastic analysis of folding wings.
Firstly, the Doublet Lattice Method is modified to relax the aspect ratio limitation of aerodynamic elements, and its
correctness is verified through numerical examples. Secondly, the modified Doublet Lattice Method is approximated
by rational functions by the minimum state method to obtain the unsteady aerodynamic forces in the time domain.
Finally, by combining time-domain unsteady aerodynamics and nonlinear structural dynamics models, the aeroelastic
characteristics of folding wings with structural nonlinearity are studied, and friction nonlinearity is used to suppress
free-play nonlinearity.

20Modified Doublet Lattice Method

Two methods have been developed to calculate the subsonic unsteady aerodynamics [16]. The first type is to assume
the load function of the lift surface and the undetermined coefficients are determined based on the integral equation
and boundary conditions. The second type is the Doublet Lattice Method. The difference between the Doublet Lattice
Method and the vortex lattice method is that not only is a horseshoe vortex placed on the quarter chord of each
aerodynamic element, but also an acceleration potential doublet is placed to simulate the unsteady term caused by
wing motion. Compared with the first type of calculation method, the Doublet Lattice Method does not require the
selection of appropriate load distribution functions [17-18], and it has good applicability for complex lift surfaces,
considering the mutual interference of multiple wing surfaces and wing body combinations. Therefore, in recent years,
researchers have conducted a lot of research on the relevant improvement methods of Doublet Lattice Method [19-
20].

The subsonic Doublet Lattice Method based on small perturbation linearized potential flow frequency domain
equations is one of the methods for calculating unsteady aerodynamics. The basic principle is that when the aircraft
wing undergoes harmonic vibration, an acceleration potential doublet can be distributed on the wing. According to the
normal downwash amplitude generated on the wing, the corresponding vibration boundary conditions must be met,
and the expression for pressure difference can be obtained. The relationship between the amplitude of the pressure
difference and the amplitude of the normal downwash velocity on the lift surface can be expressed as:

Vn(x,s,0) = F%V ”Ap(%, 0)K(X,V,Z,w,Ma)dEdo 010

where, Vr is the amplitude of the normal downwash velocity of a doublet at the receiving point. p is the density. w is
the oscillation angular frequency. V is the velocity. K is the kernel function. (x,y,z) is the cartesian coordinates of the
receiving point on the wing. (&,¢,#) is the orthogonal curve coordinates of receiving points on the wing surface. (&,
0,0) is the orthogonal curve coordinates of sending points. X =x-&,y=y-{,Z=z-0 .Ap is the pressure
difference amplitude.

The Doublet Lattice Method is used to calculate the load distribution of wings during harmonic vibration. It is
necessary to first perform a reasonable element division on the wing surface. The lift surface is usually divided into
many trapezoidal elements, and it is considered that the aerodynamic force on each trapezoidal element acts at the
intersection of the middle section and the quarter chord, which is called the pressure point. The midpoint of the three-
quarters chord on each trapezoidal element is the downwash control point, at which the normal downwash velocity
amplitudes generated by all doublets satisfy the boundary conditions. Practice has shown that the Kutta condition at
the trailing edge of the wing can be automatically satisfied by selecting control points in this way [19-20]. After dividing
the wing surface, the following linear equation system can be obtained from Eq. (1):

(Va)i = F})VZA;—)]-”KU@IS 020

j AS j

where, AS; is the area of the jth trapezoidal element. Ap; is the amplitude of pressure coefficient on the jth trapezoidal
element.
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After converting the area integral into line integral, one can obtain:

. 1 - _
w; = Z(EAXJ'COSXJ'.L‘ ijdl)Acpj = ZDiiAij a3a
j

J

where, [; is the length of the quarter chord of the jth element. x; is The sweep angle of the quarter chord of the jth
element. Ax; is the average chord length of an element. At is the amplitude of pressure coefficient on the jth
element. Dy is the Aerodynamic Influence Coefficients (AICs).

The above equation is written in matrix form, which can be expressed as:
W =D,.Cp 040

where, W is the dimensionless normal downwash velocity amplitude matrix. Cp is the pressure difference coefficient
amplitude matrix on the element.

When the vibration frequency of the wing is zero, that is, a steady state, the Doublet Lattice Method will degenerate
into the vortex lattice method. In the steady state, in order to maintain consistency between the Doublet Lattice
Method and the vortex lattice method, the vortex lattice method can be used to calculate the influence coefficients of
the steady part. Therefore, the Doublet Lattice Method can be regarded as an additional influence of the steady flow of
horseshoe vortices and the harmonic vibration represented by the acceleration potential doublet [15]. From Eq.(4), it
can be seen that in order to obtain the element pressure coefficient, it is necessary to calculate the aerodynamic
influence coefficient, which is related to the kernel function. Usually, polynomial fitting can be used to calculate the
steady and unsteady parts of the kernel function. For the calculation of the steady part, the compressible vortex lattice
method can be used, while for the calculation of the unsteady part, it is usually divided into two parts: Dy; and Dy; .
However, there are certain limitations on the aspect ratio and chord length of the aerodynamic element. For example,
when using a quadratic parabola to fit the incremental kernel function molecules, the aspect ratio is required to be
less than 3. It is necessary to refine the element in the span and chord directions to achieve higher computational
accuracy. However, element refinement increases computational time and storage space. If high-order
approximations are used, the constraint on the aspect ratio of aerodynamic elements can be reduced. Therefore, the
correction measure is to use a fourth-order polynomial to approximate the incremental kernel function numerator. To
improve the calculation accuracy, five points is needed to be arranged at the quarter chord line, as shown in Fig.1.

Pressure control point

Y% Chord

Control point

Free vortex

Fig.1 Lift surface

The expression for the unsteady part of the aerodynamic influence coefficient is:

; “w . —-iwx
¢ 14 ej 1%
1 Kie ¥ Ky 1 j Kee 7 —Ky
Dy = g7 A% J—ej ( 2 )Tld( 0Dy = g7 A% ) 2 T,d¢ 050

When the numerator of the integrand function in the above equation is approximated by a fourth-order polynomial, it
can be obtained:
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-iwXx —iwx
(Kle V. K0Ty = A1> +Bi& + C1+ D&+ Eq&t = Pl(E) , (Kze V' —Ky)Ty = Ay + By + Cy + Dy& + Ep* = Pz(f)
ged

where, A, 0B, 0C,0D,0E;0A,0B,0C,0D,0E,are undetermined coefficients. To determine these coefficients, P,
and P, of the five points is required, located separately in & = - ¢j, —€j/2,0,€ej/2,¢j in Fig.1

The undetermined coefficient is:
A= - 6:]-*2 [Px(-¢) ~16P; (- ¢j/2) +30P; (0) - 16P (€]/2) + P ()], k =(1,2) 07-10

B = G%'j [P (- ej) -~ 8P, (- ej/2) + 8P, (ej/2) -~ Py ()], k = (1,2) 07-20
Cr =P, (0) , k =(1,2)07-30
2

Dy = - 3¢ [Pr(-ej)-2P (-ej/2) + 2P, (ej/2) - Pr (&) ], k = (1,2) 07-40

E - jf;[Pk( -¢f) ~4P, (- ¢€j/2) + 6P, (0) - 4P (¢j/2) + Py ()], k = (1,2) 07-50

By substituting Eq. (7) into Eq. (5), the unsteady part can be determined, and then the amplitude array of the element
pressure coefficient can be determined based on Eq. (4). Given the Mach number M« and reduced frequency k , where
k =wb|V .V is the velocity and b is the reference length. The aerodynamic influence coefficient matrix is obtained
based on the modified doublet aerodynamic model. Based on the boundary conditions, the dimensionless downwash
amplitude of the elements is obtained, and finally the pressure coefficients on each element is obtained. The
calculation diagram is shown in Fig.2.

Machnumber- M_,reduced-frequency- k-

I

Modified-Doublet-Lattice-Method-

0

Ep - D_IW “ <: W is-knowne.

C p - Is’known.

Fig. 2 Calculation diagram of modified Doublet Lattice Method

30Nonlinear Aeroelastic Model

The model is shown in Fig.3. For a folding wing with hinge free-play, the dynamic characteristics of the structure also
change with the change of free-play. Although free-play nonlinear degrees of freedom account for a small portion of
the total degrees of freedom of the structure, they affect the dynamic characteristics of the entire structure. And the
corresponding unsteady aerodynamic forces also need to be recalculated. Therefore, when establishing a nonlinear
structural dynamics model for folding wings, the mode synthesis method is used to establish a nonlinear structural
dynamics model [21]. The more details about the folding wing can be found in Ref. [21].
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Fig.3 Finite element model for a folding wing (X represent hinges position) [21]

3.1 Nonlinear Structural Dynamic Model

The mode synthesis method is used to establish a nonlinear structural dynamics model, and the specific nonlinear
structural dynamics modeling can be referred to in Ref. [21]. The final structural dynamics model is:

Mg +Kq =F080

where, M is the modal mass matrix. K is the modal stiffness matrix. }‘is the nonlinear constraint force. The relevant
elements can be referred to in Ref. [21].

3.2 Rational Function Approximation to modified Doublet Lattice Method

The aerodynamic coefficient matrix obtained by using the modified Doublet Lattice Method is derived under the
assumption of harmonic oscillation, therefore it is an aerodynamic force in the frequency domain and cannot be used
for dynamic response analysis under any motion situation in the time domain. At present, the process of directly
calculating unsteady aerodynamic forces under any motion in the time domain is relatively complex. Therefore, the
commonly used method is to use a series of discrete unsteady aerodynamic forces at reduced frequencies in the
frequency domain, extend them to the Laplace domain, and use the Laplace variable as the independent variable to
represent the time domain unsteady aerodynamic forces in the form of a rational function. This is also a practical
approximation method in engineering, and this extension is called the Rational Function Approximation. This
approximate form of rational function was first proposed by Jones [22] to fit the Theodorsen function, but the resulting
form is relatively complex. Finally, through the development of some scholars [23-25], the commonly used
approximate form of unsteady aerodynamic rational functions has been formed.

The biggest advantage of the minimum state approximation method is that fewer aerodynamic states are introduced,
resulting in lower order aeroelastic equations in the state space and higher fitting accuracy. The form of the minimum
state approximation method is:

Q(3)=Ay+A;5+A,5%+Ds (IS - Rs) Ess 090

where, Ao 0 A, 0A,0Ds0OE;s are the unknown real matrix to be solved can be iteratively solved using the least
squares method. I is the identity matrix.

214 As

VoI Ay

Ry = - . OEs = OUODs=[I I I I]0100

Yn-2L Ay
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Then the minimum state approximation will become the Roger approximation. It can be seen that the dimension of R;
is higher. So more aerodynamic state variables are needed. In the minimum state approximation method, Rs can be
written:

V1
Rs = - 0110
Yn-2
The number of aerodynamic state variables is N-2. If ik is instead of 5 in Eq.(9), Eq.(9) can be rewritten as:
Q(ik) = Ay + A,ik - A,k* + Ds (Iik - Rs) 'Esik = Q(ik) 0120
And by separating the real and imaginary parts, we can obtain:
Qr(k) = Re[Q(iK)] = Ay - Agk® + K2Ds (KT + R3) 'Es = Q (k) 0130
Q,(k) = Im[Q(ik)] = Ak - kDs (KT + R2) 'RsE;s = Q,(k) 0140
For a given reduced frequency k; , i = (1,2, ---,n,) , the following can be obtained from Egs. (13) and (14):
- Ayk;% + k*Ds (kT + R2) 'Es = Qg (k;) - Ao 0150
Aqk; - kiDs (KT + R2) ' RsEs = Q;(k;) 01600

In the minimum state approximation method, the elements in the matrix Ds and Es are interrelated. Obviously, it is
impossible to determine the matrix to be solved in the form of solving equations. The usual approach is:

(1) Rs is predetermined and its elements are usually distinct and negative;

(2) Given an initial value matrix Ds , and the rank of the matrix Ds cannot be zero;
(3) Apply steady aerodynamic data to form constraint conditions and begin iteration;
(4) Solve the least squares problem of A, A, , Es ;

(5) Based on Es obtained in the previous step, A, , A, , Ds are recalculated. Then, the fitting error is calculated, and the
accuracy is verified. If it does not meet the requirements, the steps are repeated until the accuracy requirements are
met.

For the estimation of matrices A;, A,, and Es , the following methods can be used. When the matrix Ds is known, for a
given reduced frequency k; , i = (1,2, ---,n,) , the matrix equation about A, , A, , Es can be obtained using the following
equation:

Ay
B;|A,| =Q, 0170
E;
P Qrk) -4 Y
Q:r(ky)
Qr(ky) - Ag
wherel File:Review 423043765546-image94.png 0 Q,; = Q;(ky) 0
Qx(kn) - Ag
QR

Due to the unequal rows and columns in Eq.(17), the least squares solution of A, A, , Es obtained by left multiplying
B,T on the left and right sides of the above equation is:
Aq
A, | = (B,"B,)'B,"Q, 018D
E;s
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When the matrix Es is known, for a given reduced frequency k; , i = (1,2, ---,n;) , the matrix equation for A, , A, , Ds can
be obtained using the following equation:

[A; A, Ds]B.=Q, 0190

0 k,I 0 kn, I
wherell B, = - k1 0 - ki, I 0 0
ki*(k(’T+R3)'Es  -k*(kT+R})'REs - ki (KhI+RE)'Es -k} (KhI+R2) RE;

Q. = [Qr(k) - Aq Qrlky) - Qplkny)-Aq Qplkny)] D

Due to the fact that the matrix B in Eq.(19) is still not a square matrix, the least squares solution of A, A,, Ds
obtained by multiplying B.T on both sides of the equation to the right simultaneously is:

[A; A, Ds]=Q,B.”(B.B.T)" 0200

All unknown matrices of the minimum state approximation method have been obtained, allowing for the calculation of
unsteady aerodynamic forces in the time domain for dynamic response calculations.

3.3 Aeroelastic Equation in State Space

The aeroelastic equation for the folding wing is:

q+Kq =7+q,5"QSq 0210
where, S is the transform matrix.

Note that when ?is changed, the modal matrices used by each substructure are not affected and Q is not necessary to
be recalculated, simplifying the process of solving nonlinear equations. In Eq.(21), the nonlinear constraint contained

in f is the nonlinear function of the generalized displacement at the hinge connection, i.e. the elastic connection. In
existing research, the treatment method for nonlinear free-play problems is generally to express nonlinear forces in
segmented form and introduce them into dynamic equations for solution. Assuming 6 is a generalized displacement
at the hinge, the free-play nonlinearity is modeled using the model in Ref.[26], and its moment is shown in Fig. 4.
Meanwhile, friction is inevitable at the hinge connection, and that friction can serve as a stability factor is
demonstrated in Ref.[27]. Therefore, in order to weaken the various nonlinear motions of folding wings under free-
play conditions, friction moment is used to weaken the influence of free-play nonlinearity.

Moment f(9) Friction moment £'(8)
| I I |
| I : |
| ! fo
I I Kg : }
I i
_| ] 6| Displacement 8 _ql_ i ;6' Displacement 6

[ | | Kg }
! 28 ! -fo | 25 |
i —_; f——————d

K g ! I

OalFree-play nonlinearity[26] ObOFriction nonlinearity [27]
Fig.4 Structural Nonlinear Diagram

The expression for free-play nonlinearity is:

Ky(0 - 6),(0 >6)
fO)={ 0,(-6<6<6) 0220
Ky(0 +8),0 < -8)
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where, § is the free-play. When § = 0, the moment is the linear function of 6 .
The expression for frictional nonlinearity is:

fo, (6 > 69
£(0) = {Ky0,(~ 8 < 6 < 8) 0230
~fo, (B8 < =6

The non-linear characteristic of this friction is that when &' is small, the friction moment f(6) is equal to the product of
the friction stiffness and the deflection angle 8 . When the moment is greater than f; , the friction stiffness K is 0, and
the friction moment remains constant. Introducing frictional nonlinearity with respect to four independent nonlinear
degrees of freedom into the nonlinear aeroelastic motion equation of free-play can achieve the analysis of free-play
and frictional nonlinear aeroelastic response.

Here, introducing aerodynamic state variables q, 0 the minimum state method is used to approximate the rational
function of frequency domain aerodynamics, the state space form of the aeroelastic equation is:

q 0 I 0 q 0
qp=|-M'K -M'D qmD|{q M {F} 0240
qa 0 E; (VIb)Rs qa 0

where, M =M -q,(b/V)*STA,S ,D = -q,(b/V)STA;S , K=K -q;STAS .Ay,A,,A,,Ds and Es, which are all
unknown matrices in the minimum state approximation. Rs is the aerodynamic lag matrix, and b is the reference
length.

4[Analysis and Discussion

Only the nonlinear aeroelastic response of the folding wing in the fully unfolded state has been analyzed here. The
mass matrix and stiffness matrix of each substructure of the folding wing are obtained through DMAP language. The
modified Doublet Lattice Method is used to obtain the unsteady aerodynamic forces of a folding wing in the frequency
domain, and the expression of the aeroelastic equation in the state space is obtained through the minimum state
approximation. For each substructure, six vibration modes are retained, and 10 degrees of freedom are coupled to
each other through MPC and torsion springs at the interface, while 2 independent nonlinear degrees of freedom are
retained. The final dynamic equation of the folding wing obtained is 22. After introducing 4 aerodynamic state
variables, the aeroelastic equation in the state space is finally obtained, that is, Eq.(24) is 48, Finally, the time-domain
aeroelastic response of the folding wing is obtained using the Runge-Kutta method in MATLAB.

4.1 Aerodynamic Model Validation
To verify the correctness of the modified Doublet Lattice Method, two examples are presented here.

Example 1: In Ref. [29], an example is given to calculate the lift and lift coefficient of a swept wing. Its aspect ratio is 5
and the taper ratio is 1, as shown in Fig.5. Take its aspect as 5, root chord as 1, leading edge sweep angle as 45°, Mach
number M = 0.2, a = 1°. When the frequency is zero, the modified Doublet Lattice Method will degenerate into the
vortex lattice method, which is the steady part of the modified Doublet Lattice Method. The lift and lift coefficient of
the swept wing are obtained using the steady part, and the comparison results are shown in Table 1.

https://www.scipedia.com/public/Ni_et_al_2024a 8
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Y
0.2b
0. 5b | -
= T
Fig.5 Wing geometry dimensions
Table 1 Comparison Results
Ref.[29] Present Relative error (%)
Lift (N) 848.554  851.296 0.323
Lift Coefficient 0.059921 0.0601131 0.321

Example 2: In Ref. [15], a swept wing with equal chord length, leading edge sweep angle A = 25°, half span length [l =
3.0, aspect ratio AR = 3.0, as shown in Fig. 6. There is a control surface at 50% of the half span length, with the chord
length of the control surface being 1/3 of the chord length c of the wing, and the amplitude of the control surface
oscillates harmoniously. Reduced frequency k =0.372, Mach number M = 0. Using the correction method, the
changes in the real and imaginary parts of the pressure coefficients of the chord distribution units with a half span
length of 42.5% and a half span length of 72.5% are shown in Fig.7.

A=25"

0.51 | - =
I Ic/S

1=3 |
|
I

Fig.6 Swept wing with equal chord length
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Fig.7 Chordal distribution of pressure coefficient

In Example 1, four elements are used for both the left and right wings. The modified Doublet Lattice Method is
reduced to zero frequency and degenerated into the vortex lattice method, which uses the steady part of the modified
Doublet Lattice Method to obtain lift and lift coefficients. The relative error is within an acceptable range. In Example 2,
the trend of the results obtained using the modified Doublet Lattice Method is basically similar to the trend of the
results in Ref. [15]. Due to the sparsity of the element, the obtained curve is not smooth enough. By further increasing
the number of elements in the chord and spanwise directions, this result can be improved. Comparing the chordal
distribution of pressure coefficients at different spans, it can be seen that compared to the pressure coefficient
distribution at 42.5% half span, the distribution at 72.5% half span has a significant change, mainly due to the
deflection angle of the control surface, making the pressure coefficient distribution at the trailing edge more
prominent. From the above two examples, it can be seen that the modified Doublet Lattice Method is correct.

Based on the modified Doublet Lattice Method, frequency domain unsteady aerodynamic calculations on folding
wings is performed. Furthermore, the minimum state approximation method is used to fit the unsteady aerodynamic
forces. The discrete form of the generalized aerodynamic force obtained in the frequency domain is given a lag matrix
R; in advance. The real and imaginary parts of the generalized aerodynamic force matrix at 15 reduced frequency
points are fitted. And B; , Q4 . Be , Q, are known, and then the steady-state aerodynamic force data is used to form
constraint conditions for iteration. Here are some fitting results, as shown in Fig.8. It can be seen that the approximate
value matches the exact value well, and after obtaining the unknown matrix in the minimum state approximation,
time-domain aeroelastic analysis can be achieved.
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4.2 Structural Nonlinear Aeroelastic Analysis

According to Ref. [21], it can be seen that when § =0, the model is equal to the linear model. And the linear flutter
velocity V; = 31.25m/s . The § = 0.02°, § = 0.2°, § = 1° of the inner and outer hinges are taken as examples. An initial
disturbance of 0.01mm is added to the normal direction of the trailing edge node of the wing tip to obtain the velocity
at which the normal displacement response of the leading edge of the folding wing tip begins to diverge. Assuming
Ky = 1Nm/rad , the different moments are introduced separately, the displacement response obtained are shown in
Figs. 9 and 10.

. No friction ' ' ' . No friction
3 ——  Friction p 3 ——  Friction

Normal displacement of
wing tip (mm)
Normmal displacement of
wing tip (mm)

Time (s) Time (s)
(@ V= 1.01Vf, § =0.02°, f, = 0.005Nm (b) V = O.99Vf, 6§ =0.2°, fu = 0.02Nm

4

.. No friction
3 ——  Friction 1

Normal displacement of
wing tip (mm)

Time (s)
( V=096V, 5 =1°, fy = 0.05Nm
Fig.9 Friction at the inner hinge

N ﬁ — .. No friction
........ 0 Inction 3 ——  Friction 1

Friction

wing tip (mm)

Normal displacement of
wing tip (mm)
(=]
Normal displacement of

Time (s) Time (s)
(@) V = 1.0Vf , 6 =0.02°, f, = 0.007Nm (b) V = 0.97Vf ,6=02°, fy=0.01Nm
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From Figs. 9 and 10, it can be seen that when the friction stiffness is constant, an appropriate friction moment can
suppress the divergence of displacement. Friction nonlinearity can effectively weaken the divergent motion of the
normal displacement of the leading edge node of the wing tip, transforming it from an unstable motion tending
towards divergence to a limit cycle motion with limited amplitude. It can be observed that the normal displacement
response of the wingtip is centered around the zero position. This is because both free-play nonlinearity and friction
nonlinearity are centrally symmetric, and after superposition, they remain centrally symmetric. This result also verifies
the correctness of the model proposed in this paper.

In order to further clarify the influence of physical parameters of friction nonlinearity on the nonlinear aeroelasticity of
free-play, the effects of moment f; and frictional stiffness K, on the response of free-play nonlinear aeroelastic
systems are analyzed. Taking the free-play § = 1° between the inner and outer hinges as an example, the displacement
tends to diverge at a speed of V = 0.96V;and V = 0.95V, the effect of frictional nonlinearity on the aeroelasticity of the

free-play is shown in Fig.11.

5 T T T 5
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(a) Influence of initial moment (b) Influence of friction stiffness
Fig. 11 Influence of nonlinear friction on free-play aeroelasticity

From Fig.11, it can be seen that as the initial moment f; increases, the amplitude of the wingtip normal displacement
decreases. As the friction stiffness Ky increases, the amplitude of normal displacement at the leading edge of the wing
tip does not change significantly. For (a) in Fig.11, Ky = 1Nm/rad , as the initial moment f; increases, &' increases.
When §' reaches a certain degree, the effect of the initial moment and the external moment caused by free-play
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nonlinearity is opposite, weakening the free-play nonlinearity. For (b) in Fig.11, f; = 0.05Nm , as the friction stiffness K
increases, §' decreases. In a smaller displacement range, K60 plays a major role, so the initial moment f; still plays a
major role in a larger displacement range. This phenomenon indicates that compared to frictional stiffness, frictional
moment plays an important role in reducing response amplitude. At the same time, when friction nonlinearity is added
to the free-play nonlinearity at the outer hinge, the normal amplitude of the wing tip is always larger than when
friction nonlinearity is added to the free-play nonlinearity at the inner hinge. In summary, to a certain extent, frictional
nonlinearity can effectively reduce vibration amplitude, which is beneficial nonlinearity.

50Conclusions

The structural nonlinear aeroelastic analysis of folding wings is conducted by the modified Doublet Lattice Method.
Firstly, a modified Doublet Lattice Method is studied to relax the aspect ratio limitation of aerodynamic elements, and
its correctness is verified through numerical examples. Secondly, the rational function approximation method is
discussed, and the modified Doublet Lattice Method is approximated using the minimum state method to obtain the
unsteady aerodynamic forces in the time domain. Finally, the aeroelastic characteristics of a folding wing with free-
play and friction nonlinearities are studied by combining time-domain unsteady aerodynamics and nonlinear
structural dynamics models. The following conclusions can be drawn:

(1) The modified Doublet Lattice Method that relaxes the aspect ratio limitation of aerodynamic elements is feasible
and effective, which improves the accuracy of the aerodynamic influence coefficient matrix. At the same time, it can
reduce the constraints on the aerodynamic element, thereby saving calculation time and providing conditions for
rapid aerodynamic calculations;

(2) It has been proven through simulations that friction can suppress the influence of free-play nonlinearity on
aeroelastic response. For the aerodynamic elastic response with free-play nonlinearity, adding friction can effectively
weaken the nonlinear strength of the free-play of the folding wing.

(3) Friction moment plays an important role in reducing response amplitude and is a beneficial nonlinearity.

Funding: This research is supported by Natural Science Basic Research Plan in Shaanxi Province of China (2021)Q-847
and 2023-JC-YB-076).
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