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Abstract

This article introduces and illustrates a novel approximation to the compound KdV-Burgers
equation. For such a challenge, the g-homotopy analysis transform technique (q-HATM) is a .
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Keywords:
g-Homotopy analysis transform
method

Convergence analysis
Compound KdV-Burgers
equation

1. Introduction

Leibnitz conceived the idea of a fraction in derivative, and it was found that fractional calculus is better suited than
classical calculus for simulating real-world issues. The theory of fractional calculus offers a practical and methodical
analysis of the reality of nature [1-3]. Its capacity to offer accurate descriptions of complicated nonlinear systems has
lately piqued interest. Several fields have paid more attention to fractional-order derivatives, e.g. electrodynamics [4],
neurophysiology [5], finance, nanotechnology, fluid dynamics [6], etc. Also, fractional differential equations (FDEs)
control memory-based systems [7-8]. Arbitrariness in their arrangement offers more degrees of freedom in analysis
and design, leading to more precise modeling, improved control robustness, and more flexibility in signal processing.
A fractional-order system can better describe electrochemical phenomena like diffusion processes or double-layer
charge distribution. As a result, FDEs are used to model the supercapacitors, fuel cells, and lithium present in batteries.
Viscoelastic materials, fractal patterns, the characterization of ceramic bodies, the putrefaction rate of meat and fruit,
and the investigation of erosion in a metal surface are further intriguing application fields.

The non-local features of fractional differential equation models make them advantageous for use in physical
simulations. In contrast to the integer-order derivative, which is local in nature, the fractional-order derivative is non-
local. It shows that, in addition to its current state, the physical system's next state will depend on every previous
condition it has experienced. As a result, fractional models are more accurate [9-10].

The purpose of this work is to suggest an effective technique for solving some differential equations of fractional
order. Liao introduced the homotopy analysis approach [11], which forms an endless mapping from an initial condition
to an exact solution after choosing an adjunct linear operator. The auxiliary parameter validates that the solution has
converged. The application of semianalytical approaches in conjunction with an appropriate transform shortens the
time required to investigate solutions to nonlinear issues representing real-life implementations. The g-homotopy
analysis transform technique (g-HATM) [12-15] combines the HAM with the Laplace transform. Its strength is its ability
to adapt two powerful computational approaches for investigating FDEs. The convergence area of the solution series
may be controlled in a sizable allowable domain by selecting the correct #.

We can consider the compound KdV-Burgers equation as
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¢T+l(p(px+m¢2(px+n(pxx_0¢xxx =0, (1

where I,m,n and o are constants. This is a combination of the KdV, mKdV, and Burgers equations, combining
nonlinear, dispersion, and dissipation effects. Eq. (1) includes the following specific significant cases

*Ifl+0,m #0,n =0,0 * 0, Eq (1) becomes the compound KdV equation
@ + Z(P(Px w m(pz(px TO0Qyxx = 0. (2)
@Ifl=0,m #0,n # 0,0 * 0, Eq (1) becomes the mKdV-Burgers equation
@+ m(pz(px TNy ~ 0Qyyx = 0. (3)
*Ifl+0,m =0,n *0,0 *0, Eq (1) becomes the KdV-Burgers equation
@+ lq)(px FTNQxx =~ 0Qyxx = 0. (4)
*Ifn = 0in Egs. (3) and (4), then we obtain the mKdV equation
@+ m(pz(px TO0Qyxx = 0, (5)

and the KdV equation

@+ I(D(Px TO0Pxxx = o, (6)

respectively.

Long-wave propagation in nonlinear media with dispersion and dissipation is modeled using Eq. (1) [16]. Using both an
automated technique and the homogeneous balancing technique, a kind solution to Eq. (1) has been discovered
[18-19]. A type of Backlund transformation for this system has recently been developed [20]. In the one-dimensional
nonlinear lattice [16], the wave propagation of limited particles with a harmonic force may be described by Eq. (2) [17].
In particular, it explains how small-amplitude ion-acoustic waves propagate in plasmas without Landau damping, and
it is also used to explain how thermal pulses move through a single crystal of sodium fluoride in solid physics [21-22].
Many studies have been done on this equation [23-25].

2. Preliminaries to FC
Definition I

The Caputo fractional order derivative of ¢(7) is defined as [26]

m (7)
d (prgl-)’ m=g,
drt

to(7) = . .
WL (z-p)" 9™ (p)dp, m-1l<e<mmeN.

Definition II

The Laplace transform of ¢ (7) is defined as

m-1

E{%;w;s} =s"p(s) - Zs’”’r’lgo(”(o*), (8)

r
The formula for the Laplace transform of the Caputo fractional derivative is [7]

m-1

e{Dfp} =st{p} - ngfrfl(ﬂ(r)(O*), m-1<e<m. ©)

r
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3. Proposed q-HATM of the fractional order

The gq-HATM will be discussed in full below, see [12-15]. Consider the following nonlinear fractional differential
equation:

Dfo (x,7) +Ro(x,T)+No(x,7) =TKX,1), n-1<e<n, (10)

t3
where Df = a% is the Caputo derivative in this case, while R and N are linear and nonlinear operators, respectively.

The source expression is T(x, 7). Using the Laplace transform on Eq. (10) and solving it, we obtain

=il

sSL{p} - Zs‘g’i’lq)(i)(x,O) +L{R@}+L{N@}-L{T(x,7)} =0. (11)

4

The nonlinear operator is

L{ROU, T;)} + L {NOG, T3} - L{T(6, D)}, (12)

Nlox,7;q9)] =L{O6(x,7;9)} —@ _‘/’XT(ZX) +sflg

The embedding parameter q € [0, %] is used here, and the function 6 (x, 7; q) is unknown. Built a homotopy as follows:
[1-nqlL[6(,7;q) - @o(x,0)] = hgH (x, T)N [¢ (x,T)], (13)

where # is an auxiliary nonzero parameter, @y(x,0) is an initial guess. By increasing q, ® converges from ¢, to ¢. As a
result of Taylor's theorem, we obtain

O, 7,q) = Py(x, 7) + Zgok(x,r)q", (14)
k=1
where
1 e, 1,9
R (15)

Series (14) converge atq = % providing a solution, by appropriately selecting an auxiliary linear operator ¢, n, #, and
H

P(X,7) = @olx, T) + Z(pk(x,r)(% )k. (16)

k=1

Eq. (13) is now differentiated m times, then divided by m! and assuming thatq =0

L{g0,T) = @1 (X, )} = iHOG DR (@ 1) (17)
where the vectors are defined as
@ 10T = {00, T), 910, T), 9o (X, T), -, 0 (X, T) } (18)

By using the inverse transform on Eq. (17)
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0,6, T) = 601, T) +AH X, DL YR (@ 1-1) }, (19)
where
Re( B ) = 1y M OG Lol | (20)
(k-1! aq< e
and

_J0, k<1,
Ck = {n, k>1
Lastly, the components of the g-HATM solution may be easily derived by solving Eq. (19).

4. Convergence analysis of g-HATM

We can come to the conclusion that there is only one solution to a given issue that meets a specific initial condition
using the concepts of existence and uniqueness.

Theorem I. The acquired solution by using the g-HATM for the compound KdV-Burgers equation is unique wherever
0<w <1, where

w= (g +h)+h{oc®-1o(A;+A,) -mao(A}-A3) -na*}e (21)

Proof. The compound KdV-Burgers equation described in Eq. (39) has the following analytic solution:

Px,7) = Z(pk(x,r)dk, (22)
k=0
where
(23)
0061 = (Gt h) Qg —h (1 - % )L_l{ ¢ (SX) } -nL ™Y (Sflg)L [0 (Pr-1)3x

k-1 k=1 i
- lz(pi((pk»l-i)x - mz Z‘/’h‘!’i—h (Pr-1-i)x ~ N (Pr1)2c 1
i=0 i=0 h=0

Let ¢ and P represent the compound KdV-Burgers equation's two solutions such that |¢ | <A;and | @ | < A,, using
the aforementioned equation, we obtain

10-21 =1 (5+7) (@~ 2) ~AL™{ (& )L [0 (93~ P3) ~1(9 = D) (9 ~ D)
_m(q)z_@Z)(q)x_@x)_n((pZX_g_DZX)]} | .

The convolution theorem for the Laplace transform has allowed us to
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0-B1 = (6rh) 1001 *4| (05 Dsel ~110-7 | 10~y
—m|fp2—<—o2||fpx—¢x|—n|¢2x—¢2x|}r(fe'—fi§dp

< Gm 101 +h] 10Z5 1091 ~L1p-2 1L 19~
m(a2-43) L | g - <p|—naxz|<p P11 dp.

<(Se*+h) |- <p|+h{o sle-of-1lle- <p|§|fp ? |

(Tt -p)*
-m(A3-43) 2 |- <pl-na lo-91} r(g—fndp'
<(k+h)|o- ¢|+h{003|(p €9|‘10(A1+A2)|‘P‘€_0|

+1
-mo(43-43) |9 -9 | -no*lo -9 | rieasy

where ¢" = n =1,2,3. The above equation can be simplified by the integral mean value [28] as shown below

a"’
lo-9| <(sc+h)|9-9| +hi{oc®|9-9|-l|lo-9|o|p-0|

(26)
-mo(Ai-43) |¢-9|-nd|o-9|}Q<w|0-9],

i
I'(e+2)

L(1-w)|e-9| £0.Since 0 <w <1, therefore | ¢ - @ | =0, which gives ¢ = 9, where Q = . As a result, the

approximate solution is unique.

Theorem II Let B be a Banach space with the nonlinear map F:B - B. Assume that
IF@)-FS)| <wl@-S|,V¥p,SeB, <w <1 (27)

It is determined that there is a fixed point for F using the prior hypothesis and Banach's fixed-point theory [29]. Also, if
the values of ¢, Sy € B are chosen at random, the analytical solution using the suggested technique converges to a
fixed point of F and

105 =001 <%= 10:- 001 . (28)

Proof. Assume that B is a Banach space with (CIK], | . |) and thenorm | . | denoted by | h(x) | = max;x | h(x) | .
We shall now affirm that the Cauchy sequence represented by {¢,} in the Banach space is the following:

||€93_§9¢||=7Tne(11(x|(/’0_(/’¢| e
%0 aq’ 1
=max | (x * 1) (Po-1~ Py-1) - hLl{( )L[ ( - w ) L(Po-1~ 9y-1)

(a% 1 3¢¢_1)_m(6(p§_1 a‘pw-l)(a%—1 _ a%-l)_n(a%—1 P py- 1)]}|
0.

0Xx 0x 0Xx 0x 0X 0X
3 63 (30)
_ 1 "y Py-1
Smax((Ge 1) | 0= 9ya | LM (e )L lo | = -0 |
00,y <p¢ 4 8pd_, 0054
—ll(%-l—fpw—l)x( af(l‘ )|‘ |(_af}1‘ ox

(% %)l_,”(a(pﬁ-l (plﬁl)
2

By utilizing the convolution theorem for the Laplace transform, we have
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31)
4 By, 0Py (
1950y 1 <mgxL(6*1) | 991~ ys| -y 101 2051 - T

00y _ 99y 0%, 0%y Bpy, 00y
_l|¢ﬁ—1_¢w—1||#‘T|—m| ail— o | 6;9(1_ - |

g9 SOy | (x-p)°

e T T ey %
T (32)
Sﬁ%x[(ck*'h) | 991~ Py | 'hJ;) {003|(P0—1‘(P¢—1| ~lo|gy1-¢y1| |A-B]
0_2 (T_,D)E
~MO | @g1 =Py | [A-B|[A+B| -n0" | @51~ Py1 | Y Trgrgydr]-
We can use the integral mean value [28] to reduce the previous equation as follows:
195 =9y | SMax[ (G +h) | 991= 9y | +7{00% 9919y | ~lo EEL
| (P9-1~Py-1)A-B)| ~mo | (¢§—1_‘P¢—1)(A2_BZ)| -na*| Py-1~ Py 1321,
1os =@y I <P 10y -0yl .
Subtracting ¢ by ¢ +1, we find that
1Py =@y | SO IQy =@yl SO 1@y Qypll < <o’ 191- 0l . (34)
By using triangular inequality, we find that
1@ =Py Il = 1 Pyi1* Pyt Ps = Pyiq = Pz~ Py | (35)
S 1Pyt Pyaat Qs = Pyq ~ TPy~ Py ~ Py
SHPpea =Py I+ 1 Pyig = Pyag |+ + 1P =Py |
<{o’ +0" 0?1} 9y - 9o
<o’ {1+w+ -+ o - 001
_ 9yl
<o {12 o - 001
Since0<w <1,501-w” ™ <1, therefore, we get
w’ 36
199 =Pyl < 7o 191-00l - (36)

Since | @1 - @l <, wefindthat | 9y - ¢, | - 0whend andy - ». Because of this, it can be seen that the sequence
{95} generated by g-HATM is a Cauchy sequence and is thus convergent.

5. Solution for compound KdV-Burgers equation

We shall employ the fractional g-homotopy analysis transform technique to present the solution to the pertinent
problem. To illustrate the reliability of the suggested strategy, we shall give three instances. This section looks at the
new fractional compound KdV-Burgers equation, which has the following form:

0p 200 327(/’_ aa}l_ 37
+l(p§+m(pﬁ+naxz Oax3—0,0<351, E7)

o)
ot

where [, m, n and o are nonzero constants, with the initial condition [27]
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?(x,0) =@ (x). (38)

Equation (37) may be expressed in operator form as

g(p(x"[)=O(p3x_l¢(px_m(p2¢x_n¢xx1 0<e<l (39)

According to the g-HATM, we define the K™-order deformation equation and the nonlinear operator N as

N[O, t;q)]1 =L{O6KX,7;q)} - (1 - % ) ( ¥ (SX) ) - S%L {00, T;9))3- 1O, T; ) (O (X, T; )y (40)
-mOX, ;) (OK,T;0))y ~n(OK,T;q))5 ),
L{ok06T) = X @1 D} = 1R (@ 1) (41)
respectively, where
k-1 (42)
_ S (x)
Ri( @ k1) = L{@y1} - (1 -% ) ((pT) - ?15L {0 (@r-1)3x ~ IZ‘Pi((Dk-l-i)x
i=0
k=1 i
-m PrPi-n (Pr-1-i)x ~ N (Pr-1)2rc } -
i=0 h=0
Hence, for k > 1, the generic solutions of Eq. (41) are defined as
P0G T) = g AL R (@ (1) } (43)
By utilizing Eq. (43), we can describe the solutions of g-HATM of Eq. (39) as
N
o 0= ) o). Z
k=0

6. Arguments and numerical results

By applying the g-HATM, a novel approximate solution to the fractional compound KdV-Burgers equation will be
discovered for three different states.

Application 1

We can consider the following rational function solution with the initial condition [27] for equation (39) as

_ 54 1
P67 =gxiar T3 s
54 1
¢ (x,0) “ox 3¢

By using the g-HATM technique to solve Eq. (39) under the aforementioned initial condition andl=m=n=1,0 =6,
we get
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_(54 _1 4hTt 1 16#%7%¢ 12 5
go(x,r)—(9—X-g)-m(ﬁ)+{‘/’l("+h)+m}(ﬁ)

_20,(x + 367 )

+ {(n +h)((/)2 T o)

, 32137 (x(x +6) + 270)T (e +1)* - 3(x +45)[2e+1)) } (L)
81x°T(e+1)’T(3e+1) n

Ifn=1and% = -1, we get

_(54 _1\__ 47 167%¢ (47)
0 001) = (3 - 3) 3xL(e+1) | 27x°T(2e+1)
, 327 (3(x +45)I'(2e+1) - (x(x + 6) + 270)[(e+1)?)
81x°T(e+1)’T'(3e +1)

+ ...

The analytical outcomes show that the approximate solution of Eq. (37) has a general style that is consistent with the
exact solution in Eq. (45) for the particular case a = 1. As illustrated in Figure 1, the exact solution was contrasted with
the third iteration of the approximate solution, in order to understand the geometric behavior of the approximate
solution g-HATM of Eq. (37). Also, the third iteration was contrasted to the exact solution when a =1, a = 0.95, a = 0.90
and a = 0.80 respectively. It is clear from Figure 1 that each subfigure behaves in a manner that is comparable and
equivalent to the others. We also see that, in terms of precision, the fractional solutions represented by subfigures (C)
and (D) correspond and match the exact solution. We observe that the power series solution in Eq. (47) converges to
the exact solution when n - «. The numerical outcomes from the exact solution were contrasted with the numerical
outcomes from g-HATM in Table 1. It indicates the superiority of the proposed strategy in obtaining a lower error rate.
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(a) 3D graph of the exact solution (b) 3D graph of the g-HATM solution

40 T T T 40

20+ N‘ 1 20+ N,
) —+—Exact solution © \
20 F . 1 -20
—s—TAM solution

40 b

—— FExact
—e—¢ = 1.00] 1
-—-e=0.95
-60 |- 1 -60 | —-=—-c=10.90| |
-—-e=0.85

.40 -

-80

(c) Graphical representation at 7=0.01 (d) Graphical representation for various values of &

5.7

N
o
)

N

- o

‘ Pex. — ‘pztmlr. I

o
o 3

B
0.1

5.45

(e) Absolute error at 7=0.01 (f) Graphical representation at x=1

Figure 1. Periodic wave analytical solutions ¢ (x,7) of Eq. (3_7) with initial condition (ﬁ).
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Table 1. Comparison of the g-HATM and exact solution for case 1 at 7=1

x| @px |2garm(€=1)|Absolute error| Qa7 (€=0.95) | @y (€0.90)
2 | 2.366670 | 2.366260 4.11523E-4 2.345170 2.319200
4 [1.087720| 1.087710 1.35369E-4 1.086100 1.084540
6 |0.630952 | 0.630951 1.81447E-6 0.630284 0.629662
8 10.396396 | 0.396396 4.34462E-7 0.396015 0.395662
10[0.253623 | 0.253623 1.43138E-7 0.253375 0.253144
12[0.157576 | 0.157576 5.77333E-8 0.157401 0.157238
141 0.088541 0.088541 2.67807E-8 0.088411 0.088290
16] 0.036529 | 0.036529 1.37629E-8 0.036429 0.036335
18]-0.004065| -0.004065 7.64909E-9 -0.004144 -0.004219
20(-0.036630| -0.036630 4.52223E-9 -0.036695 -0.036755

Application 2

We can consider the following hyperbolic function solution with the initial condition [27] for Eq. (39) as

_ _1067)_1
ox,7t) = 6coth(x -9 ) 3 o
¢ (x,0) = 6coth(x) —%.

By using the g-HATM technique to solve Eq. 39) under the aforementioned initial conditionandl=m =n =1, 0 =6, we
get

_ 1\ 212a7%csch®(x) [ 1 (49)
o(x,7) = (6coth(x) - §) - D (ﬁ) n
449447r27% coth(x)csch?(x) | ( 1 \2
{‘Pl(”+h)+ T (2e+1) ()
Ifn=1and% = -1, we get
B 1Y, 2127°csch*(x) . 449447% coth(x)csch?(x) (50)
o(x,7) = (6coth(x) §) + 3Te+1) + T2+ D) o

224727% csch®(x) ? .
I'(e+1)( - 36sinh(2x) - 1190cosh(2x) + 53cosh(4x) - 2103
2431"(8+1)21"(3£+1){ (e+1)%( (2x) (2x) (4x) )

+18I'(2e+1)(sinh(2x) + 36cosh(2x) + 54)} + ---

The analytical outcomes show that the approximate solution of Eq. (37) has a general style that is consistent with the
exact solution in Eq. (48) for the particular case a = 1. As illustrated in Figure 2, the exact solution was contrasted with
the third iteration of the approximate solution, in order to understand the geometric behavior of the approximate
solution gq-HATM of Eq. (37). Also, the third iteration was contrasted to the exact solution when a =1, a = 0.95, a = 0.90
and a = 0.80, respectively. It is clear from Figure 1 that each subfigure behaves in a manner that is comparable and
equivalent to the others. We also see that, in terms of precision, the fractional solutions represented by subfigures (c)
and (d) correspond and match the exact solution. The numerical outcomes from the exact solution were contrasted
with the numerical outcomes from g-HATM in Table 2. It indicates the superiority of the proposed strategy in obtaining
a lower error rate.
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(b) 3D graph of the g-HATM solution

(a) 3D graph of the exact solution
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Figure 2. Periodic wave analytical solutions ¢ (x,7) of Eq. (3_7) with initial condition (ﬁ)
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Table 2. Comparison of the g-HATM and exact solution for case 2 at 7=1

X | Pex |Pgarn(€=D |Absolute error |9y 1 (€=0.95)| @y 4 7y (€=0.90)
-30|-6.33333| -6.33333 2.02221E-22 -6.33333 -6.33333
-25|-6.33333| -6.33333 4.45421E-18 -6.33333 -6.33333
-20|-6.33333| -6.33333 9.81104E-14 -6.33333 -6.33333
-15]-6.33333| -6.33333 2.15990E-09 -6.33333 -6.33333
-10]-6.33333| -6.33329 4.75750E-05 -6.33328 -6.33326
10| -6.6862 5.66673 12.35290000 5.66674 5.66675
15 | 5.68577 5.68577 1.91023E-02 5.66667 5.66667
20 | 5.66667 5.68577 8.65864E-07 5.66667 5.66667
25| 5.66667 5.68577 3.93099E-11 5.66667 5.66667
30 | 5.66667 5.68577 2.66453E-15 5.66667 5.66667

Application 3

We can consider the following hyperbolic function solution with the initial condition [27] for equation (39) as

_ _1067)_1
o(x,7) —Gtanh(x 9 ) 3 -
0 (x,0) = 6tanh (x) -

By using the g-HATM technique to solve Eq. (39) under the aforementioned initial condition andl=m =n=1,0 =6,
we get

212578 sech? 449447%7t*tanh h?
005,02 = (stant ) - ) + AL (1), {0 py - ML O | (1 (52

Ifn=1and7 = -1, we get

_ 1) _ 2127°sech*(x) _ 449447 tanh(x)sech*(x) _ 224727°¢sech®(x)
¢ (x,7) = (Gtanh(") 3) 30(e+1) 27T(2e+1) 243T(e+1)*T(3e+1) (53)

{r(e+1)*(36sinh(2x) + 1190cosh(2x) + 53cosh(4x) - 2103) - 18T(2e+1)(sinh(2x) + 36cosh(2x) - 54) } + ---

The analytical outcomes show that the approximate solution of Eq. (37) has a general style that is consistent with the
exact solution in Eq. (51) for the particular case a = 1. As illustrated in Figure 3, the exact solution was contrasted with
the third iteration of the approximate solution, in order to understand the geometric behavior of the approximate
solution g-HATM of Eq. (37). Also, the third iteration was contrasted to the exact solution whena =1, a = 0.95, a = 0.90
and a = 0.80 respectively. It is clear from Figure 1 that each subfigure behaves in a manner that is comparable and
equivalent to the others. We also see that, in terms of precision, the fractional solutions represented by subfigures (c)
and (d) correspond and match the exact solution. The numerical outcomes from the exact solution were contrasted
with the numerical outcomes from g-HATM in Table 3. It indicates the superiority of the proposed strategy in obtaining
a lower error rate.
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(a) 3D graph of the exact solution
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Figure 3. Periodic wave analytical solutions ¢ (x,7) of Eq. (3_7) with initial condition (ﬂ)
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Table 3. Comparison of the g-HATM and exact solution for case 3 at 7=1

X | Pex |2npprr€=1)|Absolute error|@npps(€=0.9) | @ppy(€=0.8)
-30|-6.33333| -6.33333 0 -6.33333 -6.33333
-25|-6.33333| -6.33333 0 -6.33333 -6.33333
-20|-6.33333| -6.33333 1.33227E-14 -6.33333 -6.33333
-15]-6.33333| -6.33333 2.86205E-10 -6.33333 -6.33333
-10]-6.33333| -6.33333 6.30408E-06 -6.33333 -6.33332
10 |-6.00007| 5.66666 11.66670000 5.66666 5.66666
15[ 5.64763 | 5.66667 1.90417E-02 5.66667 5.66667
20| 5.66667 | 5.66667 8.65864E-07 5.66667 5.66667
25|5.66667 | 5.66667 3.93099E-11 5.66667 5.66667
30| 5.66667 | 5.66667 1.77636E-15 5.66667 5.66667

7. Conclusion

We continually make scientific and technological progress by studying and investigating nonlinear physical models
using innovative methodologies. In the proposed framework, we employed HATM to analyze the fractional-order
compound KdV-Burgers equation. The uniqueness theorem and convergence analysis of the expected problem are
investigated using Banach's fixed-point theory. Three examples are given to show the dependability and applicability
of the predicted method. For the distinct fractional order, 2D, and 3D graphs, and tables are supplied with the
behaviors for the obtained results. The motivating behaviors of the analogical models are concluded using these
graphs. Examining these types of incidents might inspire fresh approaches to researching other real-world
happenings. Also, it might spark ideas for an accurate approach to assessing nonlinear models in science and
technology. This study clarifies the suggested model, which has a strong historical dependence on time instants and
can be clearly shown using fractional ideas. Last but not least, a nonlocal index of memory is what the fractional
derivative physically means. This characteristic makes the fractional derivative appropriate for modeling such an issue.
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