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Abstract
Curvilinear cylindrical gear drives are a type of parallel-axis gear set, and the longitudinal 
geometrical shape of the gear teeth is a part of the circular arc. This study aims to develop a 
curvilinear cylindrical gear drive with superior transmission performance. This study 
proposes a curvilinear cylindrical gear drive with a parabolic profile. The gear tooth surfaces 
are generated by a face-milling cutter with a straight-line profile, and the matching gear 
tooth surfaces are generated by a face-milling cutter with the parabolic profile. Initially, 
mathematical models of the gear set are described based on the theory of gearing. The 
finite element method and tooth contact analysis algorithms were applied to contact and 
bending stress analyses. Finally, four numerical examples are provided to illustrate the 
transmission performance of the curvilinear cylindrical gear drive with the parabolic profile. 
The study results show that curvilinear cylindrical gear drives have superior transmission 
performance compared to those with a straight-line profile.
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1. Introduction
The curvilinear cylindrical gear is a kind of novel gear which is the same as ‘S’ gear [1], it was first proposed in 1914 [2]. 
Until the 1980s, curvilinear cylindrical gears were industrially applied in China steel plants, aluminum rolling mills, and 
cement equipment plants [3]. Owing to the geometrical shape of the gear teeth as a part of a circular arc along the 
longitudinal direction of the gears, lubricating oil will be retained within the concave tooth surface during operation. 
Therefore, curvilinear cylindrical gear drives have superior lubrication performance. In addition, the axial thrust forces 
will be avoided during transmission. Nevertheless, curvilinear cylindrical gear drives cannot be employed for internal 
gear transmission systems. Therefore, gear drives have not been widely applied in the industry.

According to the longitudinal pressure angle of gear teeth, curvilinear cylindrical gear drives are to be divided into two 
categories: curvilinear cylindrical gears with teeth of constant pressure angle (CC-gears) and curvilinear cylindrical 
gears with teeth of variable pressure angle (CV-gears) [4,5]. According to the contact pattern on the gear tooth 
surfaces, they have divided into two categories: one type is the curvilinear cylindrical gear drive with line contact, and 
another type is the curvilinear cylindrical gear drive with point contact.

Regarding curvilinear cylindrical gear drives with line contact, it has been investigated in the aspect of geometric 
model [6,7], stress analysis [8,9], processing method [10,11], and electrohydrodynamic lubrication [12,13]. In practice, 
the slightly angular misalignments will bring out edge contact at the edge of the gear tooth surfaces. Therefore, this 
type of gear drive is sensitive to assembly errors of gear sets [14]. Usually, the gear tooth surfaces need to be 
modified. Thereby, the instantaneous line contact of tooth surfaces will turn into the instantaneous point contact in 
meshing.

Regarding curvilinear cylindrical gear drives with point contact, Tsay and his team have investigated the generation of 
the gear sets by two face-milling cutters with straight-line profiles [15,16] and hob cutters [17,18], respectively. 
Meanwhile, the mathematical model, undercutting conditions, and contact characteristics of these gear sets are 
investigated by the theory of gearing and tooth contact analysis (TCA). Wu et al. [19] and Chen et al. [20] et al. utilized 
two complemented circular-arc rack cutters to generate the gear and matching gear, respectively. Chen and Lo [21] 
employed two same circular-arc rack cutters to generate the gear sets. Alfonso et al. [22] proposed that two 
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independent fixed-setting cutters (FSC) are used to generate the concave and convex sides of the pinion tooth 
surfaces, respectively, and the wheel tooth surfaces are generated by a spread-blade cutter. Additionally, the contact 
patterns and stresses of the gear sets were compared with gear sets manufactured by two spread-blade cutters (SBC). 
In Fuentes-Aznar et al. [23], four kinds of gear drives (FSC-gears, SBC-gears, spur, and helical gears) were compared in 
terms of contact stresses and bending stresses.

This paper proposed a kind of curvilinear cylindrical gear generated by a face-milling cutter with the parabolic profile. 
For this type of gear drive, the main research contents are as follows:

(1) Generation of the geometry of the wheel tooth surfaces by a face-milling cutter with the straight-line profile. 
Nevertheless, the generation of the geometry of the pinion tooth surfaces by a face-milling cutter with the parabolic 
profile.

(2) Under different assembly error conditions, parabola parameters, and cutter mean pitch radius, The TCA algorithm 
is utilized to investigate the gear set's initial contact position. Meanwhile, contact stresses and bending stresses are 
also analyzed by the finite element method.

(3) Four numerical group examples are used to expose the transmission performances of the proposed curvilinear 
cylindrical gear drives.

2. Geometry of curvilinear cylindrical gears

2.1 Generating principle of curvilinear cylindrical gears by face-milling cutters

In order to generate the gear tooth surfaces, the first task is the establishment of the virtual face-milling cutter 
surfaces. A brief generating mechanism of the gear tooth surfaces is shown in Figure 1. The outer and inner blades of 
the face-milling cutter are employed for the generation of concave and convex sides of the gear tooth surfaces, 
respectively. Generating process of the cutter blade surfaces is as follows:

(1) The outer blade profile (including straight line and fillet curve) can be represented in coordinate system Sob , and the 
inner blade profile can be represented in coordinate system Sib . When the outer and inner blade profiles of the face-
milling cutter are represented in coordinate system Sb, coordinate transformation is necessary from the coordinate 
system Sob  (Sib ) to Sb . Coordinate transformation matrices are expressed by Mb ,ob  and Mb ,ib , which are given in section 
2.2.

(2) When blade profiles of the face-milling cutter are represented in coordinate system Sc , the virtual face-milling 
cutter surfaces are expressed by a coordinate transformation matrix Mc ,b  (θ ). Mc ,b  (θ ) is from coordinate system Sb  to 
Sc :

 Mc ,b (θ ) = [cosθ 0 − sinθ − Rcosθ
0 1 0 0

sinθ 0 cosθ − Rsinθ
0 0 0 1

] (1)

where, symbol θ  expresses the rotation angle of the face-milling cutter during gear cutting. Symbol R  expresses the 
mean pitch radius of the face-milling cutter.

 After a series of coordinate transformations generate the virtual face-milling cutter surfaces, the gear tooth surfaces 
can be generated by the curvilinear gear machining principle. The curvilinear gear machining principle is as follows:

(1) Before processing curvilinear cylindrical gears, the cutter pitch plane always remains tangent to the pitch circle of 
the gear blank. Meanwhile, the rotation axis of the face-milling cutter has to retain one translational and one 
rotational degree of freedom, and the rotation axis of the gear blank only retains one rotational degree of freedom. 
Here, the direction of the rotation axis of the face-milling cutter is the same as axis yc , and located at the geometric 
center of the face-milling cutter, the rotation axis of the gear blank is the same as axis zp , and located at the geometric 
center of the gear blank.

(2) In the process of machining the gear, the face-milling cutter continuously rotates around axis yc  with angular 
velocity ωc , which does not effect on the generated geometry of the gear tooth surfaces. Furthermore, the face-milling 
cutter reciprocates at lineal velocity vc  along the direction orthogonal to the gear axis zp . Meanwhile, the gear blank is 
rotated alternately clockwise and counterclockwise by a specific angle ψ  under the angular velocity ωp . Namely, the 
cutter always does pure rolling relative to the gear blank. Then, the moving velocity of the cutter and the angular 
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Figure 1. A brief generating mechanism of curvilinear cylindrical gears

velocity of the gear blank must satisfy the following equation:

 vc = rωp (2)

Here, r  expresses the pitch radius of the to-be-generated curvilinear cylindrical gear.

(3) When the gear blank moves with the cutter at the same time based on the method in the previous step, the gear 
tooth surfaces are generated as the envelope to the family of positions of the virtual cutter surfaces. The family of 
positions of the virtual cutter surfaces can be represented in coordinate system Sp . The coordinate transformation 
from coordinate system Sc  to Sp  is represented by the following matrix

 Mp ,c (ψ ) = [ cosψ sinψ 0 r (sinψ − ψcosψ ) + Rcosψ
− sinψ cosψ 0 r (cosψ + ψsinψ ) − Rsinψ

0 0 1 0
0 0 0 1

]
(3)

 After one tooth space is generated by the face-milling cutter, the gear blank is indexed by one tooth pitch angle, and 
the generating mechanism of the gear continues to generate the next tooth space, until all tooth spaces have been 
formed.

2.2 Derivation of mathematical model of the wheel tooth surfaces
Figure 1 (Right) shows the straight-line profiles of the face-milling cutter for the generation of the wheel tooth 
surfaces. The inner and outer blade profiles are divided into two parts: the straight-line profile, which will be used for 
generation of the working part of the wheel tooth surfaces, and the circular arc profile, which will be used for 
generation of the fillet part of the wheel tooth surfaces. The variable ug  represents the distance between arbitrary 
points on the straight-line profile and the origin of coordinate system Sib  or Sob , and the variable λg  represents the 
polar angle of arbitrary points on the circular arc profile.

The working and fillet parts of the wheel tooth surfaces will be derived, respectively.

The position vectors of a point on the straight-line profiles can be expressed in the coordinate systems Sib  and Sob , as 
follows:

https://www.scipedia.com/public/File:Draft_Xuegang_614753900-image2-c.png
https://www.scipedia.com/public/File:Draft_Xuegang_614753900-image2-c.png
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 r(G )(ug ) = rib
(Gib )(ug ) = rob

(Gob )(ug ) = [ 0
ug

0
1

] (4)

 The coordinate transformations from Sib  and Sob  to Sb  are represented by the following matrixes:

 Mb ,ib
(Gib ) = [ cosαn sinαn 0 πm

4
− sinαn cosαn 0 0

0 0 1 0
0 0 0 1

]
(5)

 Mb ,ob
(Gob ) = [cosαn − sinαn 0 − πm

4
sinαn cosαn 0 0

0 0 1 0
0 0 0 1

]
(6)

 Then, the inner and outer blade profiles are expressed in coordinate system Sb  as

 rb
(Gib )(ug ) = Mb ,ib

(Gib )r(G )(ug ) = [ug sinαn + πm
4

ug cosαn

0
1

]
(7)

 rb
(Gob )(ug ) = Mb ,ob

(Gob )r(G )(ug ) = [ − ug sinαn − πm
4

ug cosαn

0
1

]
(8)

 The virtual face-milling cutter surface is represented in coordinate system Sc  as

rc
(G )(θg , ug ) = Mc ,b (θg )rb

(G )(ug ) = [ ( ± ug sinαn − R ± πm
4 )cosθg

ug cosαn

( ± ug sinαn − R ± πm
4 )sinθg

1
]

(9)

 From now on, if both upper and lower signs appear in matrixes. Then, the upper sign represents the inner blade or 
convex side, while the lower sign represents the outer blade or concave side.

Regarding the fillet parts of the cutter, the position vectors of a point on the circular arc profiles can be expressed in 
coordinate systems Sfib  and Sfob , as follows:

 rfib
(Gib )(λg ) = [ ρmcosλg

− ρmsinλg

0
1

]
(10)

 rfob
(Gob )(λg ) = [ − ρmcosλg

− ρmsinλg

0
1

]
(11)

 The coordinate transformations from Sfib  and Sfob  to Sb  are represented by the following matrixes:
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 Mb ,fib
(Gib ) = [1 0 0 πm

4 − tanαn (ρmsinαn + bm − ρm ) − ρmcosαn

0 1 0 − (bm − ρm )
0 0 1 0
0 0 0 1

]
(12)

 Mb ,fob
(Gob ) = [1 0 0 − ( πm

4 − tanαn (ρmsinαn + bm − ρm ) − ρmcosαn )
0 1 0 − (bm − ρm )
0 0 1 0
0 0 0 1

]
(13)

 Then, the inner and outer circular arc profiles are expressed in coordinate system Sb  as

 rb
(Gib )(λg ) = Mb ,fib

(Gib )rfib
(Gib )(λg )=[ πm

4 − tanαn (bm − ρm  + ρmsinαn ) − ρm (cosαn − cosλg )

ρm − bm − ρmsinλg

0
1

]
(14)

 

rb
(Gob ) (λg ) = Mb ,fob

(Gob )rfob
(Gob ) (λg )

= [ − πm
4 + tanαn (bm − ρm + ρmsinαn ) + ρm (cosαn − cosλg )

ρm − bm − ρmsinλg

0
1

]
(15)

 The virtual fillet parts of the face-milling cutter are represented in coordinate system Sc  as

 

rc
(G ) (λg , θg ) = Mc ,b (θg )rb

(G ) (λg )

= [ ( ± ρmcosλg ∓ tanαn (bm − ρm + ρmsinαn ) ± πm
4 ∓ ρmcosαn − R )cosθg

ρm − bm − ρmsinλg

( ± ρmcosλg ∓ ( tanαn (bm − ρm + ρmsinαn ) ± πm
4 ∓ ρmcosαn − R )sinθg

1
]

(16)

 According to the proposed methodology of generation of the gear tooth surfaces in section 2.1, the parametric 
representations of the family of positions of the cutter surfaces in coordinate system S1, are given by Eqs. (17) and (18)

 

r1
(G ) (ug , θg , ψg ) = Mp ,c (ψg )rc

(G ) (θg , ug )

= [
ug (cosαn sinψg ± cosψg sinαn cosθg ) + Rcosψg

+ rg (sinψg − ψg cosψg ) − (R ± πm
4 )cosψg cosθg

ug (cosαn cosψg ∓ sinαn cosθg sinψg ) − Rsinψg

+ rg (cosψg + ψg sinψg ) + (R ∓ πm
4 )sinψg cosθg

( ± πm
4 − R ± ug sinαn )sinθg

1
]

(17)



https://www.scipedia.com/public/Xuegang_et_al_2023a 6

Z. Xuegang, H. Xiaobin and G. Bin, Contact stresses and bending stresses analysis of curvilinear cylindrical gears 
generated by a face-milling cutter with parabolic profile, Rev. int. métodos numér. cálc. diseño ing. (2023). Vol. 39, 
(3), 30

 

r1
(G ) (λg , θg , ψg ) = Mp ,c (ψg )rc

(G ) (λg , θg )

= [
(rg − bm + ρm − ρmsinλg )sinψg

− (rg ψg − R )cosψg − (R ∓ ρmcosλg ± S )cosψg cosθg

(rg − bm + ρm − ρmsinλg )cosψg ⋯
+ (rg ψg − R )sinψg + (R ∓ ρmcosλg ± S )sinψg cosθg

( ± ρmcosλg ∓ S − R )sinθg

1
]S = tanαn (bm − ρm + ρmsinαn ) − πm

4 + ρmcosαn ]
(18)

 According to the theory of gearing in [12], the equations of meshing may be derived as follows:

 f (ug , θg , ψg ) = ( ∂r1
(G )

∂θg
×

∂r1
(G )

∂ug ) ⋅ ∂r1
(G )

∂ψg
= 0 (19)

 f (λg , θg , ψg ) = ( ∂r1
(G )

∂λg
×

∂r1
(G )

∂θg ) ⋅ ∂r1
(G )

∂ψg
= 0 (20)

 Therefore, the generated working and fillet surfaces can be obtained as follows:

 {r1
(G )(ug , θg , ψg ) = Mp ,c (ψg )rc

(G )(θg , ug )

f (ug , θg , ψg ) = 0
(21)

 {r1
(G )(λg , θg , ψg ) = Mp ,c (ψg )rc

(G )(λg , θg )

f (λg , θg , ψg ) = 0
(22)

 In Eq. (21), ug  and θg  are the parameters of the working tooth surfaces. In Eq. (22), λg  and θg  are the parameters of the 
fillet surfaces, and ψg  is the generalized parameter of movement. Arbitrary point coordinates on the wheel tooth 
surfaces will be solved by numerical method.

2.3 Derivation of mathematical model of pinion tooth surfaces

The generation of a mathematical model of the pinion tooth surfaces is similar to that of the wheel tooth surfaces. 
They distinguish only in different cutter blade profiles. Here, the face-milling cutter with the parabolic blade profiles is 
used to generate the pinion tooth surfaces. Figure 2 shows the parabolic profiles of the face-milling cutter. The 
parabolic profiles of the cutter retain tangent to the standard blade with straight-line profiles. The point of tangency is 
located at arbitrary positions on the straight-line profiles. The distance between the point of tangency and the cutter 
pitch plane is Δytp  along the vertical direction. The distance between the center points of circular arc profiles and the 
origin of the coordinate system Sb  is xfc  along the horizontal direction. The variable up  represents the distance 
between arbitrary points on the parabolic profile and the origin of the coordinate system Sib  or Sob . The variable λp  
represents the polar angle of arbitrary points on the circular arc profiles.

The working and fillet parts of the pinion tooth surfaces will be derived, respectively.

 The position vectors of a point on the parabolic profiles can be expressed in the coordinate systems Sib  and Sob , as 
follows:

 rib
(Pib )(up ) = [apf up

2

up

0
1

]
(23)
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Figure 2. The parabolic profiles of cutter for generation of the pinion tooth surfaces

 rob
(Pob )(up ) = [ − apf up

2

up

0
1

]
(24)

The coordinate transformations from Sib  and Sob  to Sb  are represented by the following matrixes

 Mb ,ib
(Pib ) = [ cosαn sinαn 0 πm

4 + Δytp tanαn

− sinαn cosαn 0 Δytp
0 0 1 0
0 0 0 1

]
(25)

 Mb ,ob
(Pob ) = [cosαn − sinαn 0 − ( πm

4 + Δytp tanαn )

sinαn cosαn 0 Δytp
0 0 1 0
0 0 0 1

]
(26)

Then, the inner and outer blade profiles are expressed in the coordinate system Sb  as

 rb
(Pib ) (up ) = Mb ,ib

(Pib )rib
(Pib ) (up ) = [apf up

2cosαn + up sinαn + ( πm
4 + Δytp tanαn )

− apf up
2sinαn + up cosαn + Δytp

0
1

]
(27)

 rb
(Pob ) (up ) = Mb ,ob

(Pob )rob
(Pob ) (up ) = [ − apf up

2cosαn − up sinαn − ( πm
4 + Δytp tanαn )

− apf up
2sinαn + up cosαn + Δytp

0
1

]
(28)

https://www.scipedia.com/public/File:Draft_Xuegang_614753900-image24.png
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The virtual cutter surfaces are represented in the coordinate system Sc  as

 

rc
(P ) (θp , up ) = Mc ,b (θp )rb

(P ) (up )

= [ ( ± apf up
2cosαn ± up sinαn ± πm

4 ± Δytp tanαn )cosθp − Rsinθp

− apf up
2sinαn + up cosαn + Δytp

( ± apf up
2cosαn ± up sinαn ± πm

4 ± Δytp tanαn )sinθp − Rsinθp

1
]

(29)

Regarding the fillet parts of the cutter, the position vectors of a point on the circular arc profiles can be expressed in 
the coordinate systems Sfib  and Sfob , as follows:

 rfib
(Pib )(λp ) = [ ρmcosλp

− ρmsinλp

0
1

]
(30)

 rfob
(Pob )(λp ) = [ − ρmcosλp

− ρmsinλp

0
1

]
(31)

The coordinate transformations from Sfib  and Sfob  to Sb  are represented by the following matrixes

 Mb ,fib
(Pib )(xfc ) = [1 0 0 xfc

0 1 0 − (bm − ρm )
0 0 1 0
0 0 0 1

]
(32)

 Mb ,fob
(Pob )(xfc ) = [1 0 0 − xfc

0 1 0 − (bm − ρm )
0 0 1 0
0 0 0 1

]
(33)

Then, the inner and outer circular arc profiles are expressed in the coordinate system Sb as

 rc
(P )(λp , θp , xfc ) = Mb ,fib

(Pib )(xfc )rfib
(Pib )(λp ) = [ xfc +ρmcosλp

 ρm − bm − ρmsinλp

0
1

]
(34)

 rb
(Pob ) (λp , xfc ) = Mb ,fob

(Pob ) (xfc )rfob
(Pob ) (λp ) = [ − (xfc + ρmcosλp )

ρm − bm − ρmsinλp

0
1

]
(35)

The virtual cutter fillet surfaces are represented in the coordinate system Sc  as
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rc
(P ) (θp , up ) = Mc ,b (θp )rb

(P ) (up )

= [ ( ± apf up
2cosαn ± up sinαn ± πm

4 ± Δytp tanαn )cosθp − Rsinθp

− apf up
2sinαn + up cosαn + Δytp

( ± apf up
2cosαn ± up sinαn ± πm

4 ± Δytp tanαn )sinθp − Rsinθp ]
(36)

 rc
(P )(λp , θp , xfc ) = Mc ,b (θp )rb

(P )(λp , xfc ) = [( ± xfc − R ± ρmcosλp )cosθp

ρm − bm − ρmsinλp

( ± xfc − R ± ρmcosλp )sinθp

1
]

(37)

 According to the proposed methodology of generation of the gear tooth surfaces in section 2.1, the parametric 
representations of the family of positions of the cutter blade surfaces in coordinate system S1, is given by Eqs. (38) and 
(39).

 

r1
(P ) (up , θp , ψp ) = Mp ,c (ψp )rc

(P ) (θp , up )

[
− apf up

2 (sinαn sinψp ∓ cosαn cosψp cosθp )⋯
+ up (cosαn sinψp ± cosψp sinαn cosθp ) + Rcosψp + Δytp sinψp

+ rp (sinψp − ψp cosψp ) ± cosθp cosψp ( πm
4 + Δytp tanαn − R )

− apf up
2 (cosψp sinαn ± cosαn cosθp sinψp )⋯

+ up (cosαn cosψp ∓ sinαn cosθp sinψp ) − Rsinψp + Δytp cosψp ⋯

+ rp (cosψp + ψp sinψp ) ∓ cosθp sinψp ( πm
4 + Δytp tanαn + R )

( ± apf up
2 cosαn ± up sinαn ± πm

4 + Δytp tanαn − R )sinθp

1

]
(38)

 

r1
(P ) (λp , θp , ψp , xfc ) = Mp ,c (ψp )rc

(P ) (λp , θp , xfc )

= [ (rp − bm + ρm − ρmsinλp )sinψp − S (λp , ψp )cosψp

(rp − bm + ρm − ρmsinλp )cosψp + S (λp , ψp )sinψp

− S (λp )sinθp

1
]S (λp , ψp ) = rp ψp − R + (R ∓ xfc ∓ ρmcosλp )cosθp
]

(39)

 The equations of meshing for the pinion tooth surfaces may be derived as follows:

 f (θp , up , ψp ) = ( ∂r1
(P )

∂θp
×

∂r1
(P )

∂up ) ⋅ ∂r1
(P )

∂ψp
= 0 (40)

 f (λp , θp , ψp , xfc ) = ( ∂r1
(P )

∂λp
×

∂r1
(P )

∂θp ) ⋅ ∂r1
(P )

∂ψp
= 0 (41)

 Therefore, the generated working and fillet surfaces can be obtained as follows:

 {r1
(P )(up , θp , ψp ) = Mp ,c (ψp )rc

(P )(θp , up )

f (up , θp , ψp ) = 0
(42)
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 {r1
(P )(λp , θp , ψp , xfc ) = Mp ,c (ψp )rc

(P )(λp , θp , xfc )

f (λg , θg , ψg , xfc ) = 0
(43)

 In Eq. (42), up  and θp  are the parameters of the working tooth surfaces. In Eq. (43), λp  and θp  are the parameters of the 
fillet surfaces. ψp  is the generalized parameter of movement.

Regarding the determination of parameter xfc . Due to the edge radius of the cutter blades and parabola coefficient 
being constant. When the parabolic profiles tangent to the circular arc profiles, unit normal vectors of the parabolic 
profiles are equal to unit normal vectors of the circular arc profiles at the point of tangency. Simultaneously, the 
position vectors of the parabolic profiles are equal to the position vectors of the circular arc profiles at the point of 
tangency. Therefore, the parameter xfc  can be determined by Eq. (44)

 { rb
(P )(up ) = rb

(P )(λp , xfc )

nb
(P )(up ) = nb

(P )(λp , xfc )
(44)

where,

 nb
(P )(up ) =

∂rb
(P )(up )/∂up

|∂rb
(P )(up )/∂up |

(45)

 nb
(P )(λp , xfc ) =

∂rb
(P )(λp , xfc )/∂λp

|∂rb
(P )(λp , xfc )/∂λp |

(46)

 In Eq. (44), there are three independent scalar equations with three unknown parameters (up , λp  and xfc ). Therefore, 
the three unknown parameters are easy to solve.

3. Finite element model for stress analysis

In order to create a precise finite element model (FEM), point clouds on the tooth surfaces are employed to generate 
nodes and hexahedral elements of FEM. Here, the point cloud coordinates come from the tooth surface equations 
r(P )1 and r(G )1. This method of establishing nodes and elements of a gear set comes from Litvin et al. [12]. Accurately 
defining the initial contact position and boundary conditions of the gear set is a key step for establishing a FEM of gear 
sets.

3.1. Initial contact position of gear sets

The definition of initial contact position is essential for finite element analysis of the gear sets. It takes the position 
where the gear sets with assembly errors just contact as the solution target. That is, when the tooth surfaces of the 
gear sets are just in contact, the initial rotation angle of the two matched gears is calculated.

The assumption, the pinion is fixed to coordinate system S1, and it rotates around the axis zf  of coordinate system Sf  
which is rigidly fixed to the gear transmission frame. Moreover, the wheel is fixed to the coordinate system S2 which is 
separated with respect to the coordinate system Sf  by a distance C + ΔC  along the axis yf  direction. The relative 
position of the wheel with respect to the pinion has four assembly errors: axial displacement of the wheel with respect 
to the pinion (ΔA ), the center distance error (ΔC ), intersecting shaft angle error (ΔV ), crossing shaft angle error (ΔH ) (
Figure 3).

 To solve the initial contact points on the gear tooth surfaces when the wheel is in meshing with the pinion. Both the 
wheel and pinion tooth surfaces have to be expressed in the same coordinate system Sf . The pinion tooth surfaces are 
represented in the coordinate system Sf  as follows:

 rf
(P )(up , θp , ϕp ) = Mf ,1(ϕp )r1

(P )(up , θp , ψp (up , θp )) (47)

where,
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Figure 3. Definition of coordinate systems under gear assembly errors

 Mf ,1(ϕp ) = [ cosϕp − sinϕp 0 0
− sinϕp cosϕp 0 0

0 0 1 0
0 0 0 1

]
(48)

 In Eq. (47), the function ψp  (up , θp ) represents that the parameter ψp  in Eq.(40) is expressed by the parameter up  and 
θp .

Introducing four assembly errors, the wheel tooth surfaces are represented in the coordinate system Sf as follows:

 rf
(g )(ug , θg , ϕg )=Mf ,k Mk ,l Ml ,m Mm ,n Mn ,2(ϕg )r1

(g )(ug , θg , ψg (ug , θg )) (49)

where,

 Mf ,k = [1 0 0 0
0 1 0 C + ΔC
0 0 1 0
0 0 0 1

] (50)

 Mk ,l = [1 0 0 0
0 1 0 0
0 0 1 ΔA
0 0 0 1

] (51)

 Ml ,m = [ cos(ΔH ) 0 sin(ΔH ) 0
0 1 0 0

− sin(ΔH ) 0 cos(ΔH ) 0
0 0 0 1

] (52)

https://www.scipedia.com/public/File:Draft_Xuegang_614753900-image49.png
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 Mm ,n = [1 0 0 0
0 cos(ΔV ) − sin(ΔV ) 0
0 sin(ΔV ) cos(ΔV ) 0
0 0 0 1

]
(53)

 Mn ,2(ϕg ) = [cosϕg − sinϕg 0 0

sinϕg cosϕg 0 0
0 0 1 0
0 0 0 1

]
(54)

 In Eq. (49), the function ψg  (ug , θg ) represents that the parameter ψg  in Eq.(19) is expressed by the parameter ug  and 
θg .

When the wheel is in meshing with the pinion, Both the wheel and pinion tooth surfaces must be in continuous 
tangency, their position vectors and unit normal vectors coincide at arbitrary points of tangency. Thus,

 { rf
(P )(up , θp , ϕp ) = rf

(g )(ug , θg , ϕg )

nf
(P )(up , θp , ϕp ) = nf

(g )(ug , θg , ϕg )
(55)

 In Eq.(55), there are five independent scalar equations with six unknowns. If the initial rotation angle of the pinion ϕp  is 
given, the position of the initial contact point on the gear tooth surfaces, and the initial rotation angle of the wheel ϕg  
will be solved by numerical method. The initial rotation angle (ϕp , ϕg ) and four assembly errors (ΔA , ΔC , ΔV , ΔH ) will 
be used for the assembly of the gear set in the finite element model.

3.2. Definition of boundary conditions

Finite element method is one of the basic approaches of stress analysis, and it can be used for the simulation of 
contact and bending stresses of gear drives [24-26]. Boundary conditions are a significant part of FEM. The following is 
a detailed creation method of FEM of the gear set.

Figure 4 shows the schematic diagram of the three-tooth finite element model for stress analysis. The number of 
nodes and elements in the three-tooth model is simplified and does not represent the actual number of nodes and 
elements. Generally, to ensure enough boundary conditions for precise stress analysis, the three-tooth models are 
employed for finite element analysis of the gear drives. The number of elements of each gear model is 73500 with 
88995 nodes. The element type is C3D8I, the hexahedral first-order three-dimensional solid element. The material of 
the gear set is steel with specific material properties (Table 1). In Figure 4(c), the gear ring surfaces and two gear rim 
surfaces are rigidly constrained to the reference points on the gear axes. All degrees of freedom of the reference point 
(RP-1) on the pinion axis are constrained, but the rotation degree of freedom of the reference point (RP-2) on the 
wheel axis is only released. In addition, a resisting torque is applied to the z2 axis of the wheel. Account of no 
remarkable advantage has been found when the concave or convex sides of the gear tooth surface as driving surfaces 
[20]. In this paper, the concave sides of the pinion tooth surfaces are defined as master surfaces (Figure 4(a)), while the 
convex sides of the wheel tooth surfaces are defined as slave surfaces (Figure 4(b)). When the stress is solved for a 
contact position, the pinion rotates ϕpi  (ϕpi = (2π /N1)/21) around the z1 axis, and the stress solution is performed for 
the next con tact position. Until stress analysis of 21 contact positions along a meshing cycles is entirely completed. 
Finally, collecting the contact and bending stresses at all contact positions.

4. Numerical examples

In this paper, four group examples are employed for investigation of contact stresses, bending stresses of the 
proposed gear drives, and all examples of curvilinear cylindrical gear drives remain free of undercutting and 
interference. The basic design data of the curvilinear cylindrical gear drives are shown in Table 1 for all examples.

Table 1. Common basic design data of the curvilinear cylindrical gear drives

Parameter Values
Number of teeth, N 31/40
Module, m  (mm) 4
Normal pressure angle, αn  (deg) 20
Addendum coefficient, a 1
Dedendum coefficient, b 1.25
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Figure 4. Definition of three-tooth finite element model

Face width, W  (mm) 30
Edge radius coefficient, ρ 0.38
Young’s Modulus, E  (MPa) 210000
Poisson’s ratio, ν 0.3
Resisting torque, T  (Nm) 400

4.1. Example 1

In this group example, four assembly errors are determined as independent experiment variable, respectively. The 
main purpose is to investigate the influence of assembly errors on contact stresses, bending stresses. Here, the cutter 
mean pitch radius R = 40 mm, the parabola coefficient apf = 0.0015, and the offset distance of parabolic profile Δytp = 0 
mm. The design data of the assembly errors are shown in Table 2. There are four kinds of assembly errors, each 
assembly error is composed of 4 cases.

Table 2. Design data of four kinds of assembly errors

Type of assembly errors ΔV  (°) ΔH  (°) ΔA  (mm) ΔC  (mm)
Error values 0 0.05 0.1 0.2 0 0.05 0.1 0.2 0 0.1 0.2 0.5 0 0.1 0.2 0.5

Figure 5 shows the evolution of contact stresses for the gear drives designed for example 1. The intersecting shaft (ΔV ) 
and crossing shaft angle errors (ΔH ) have no effect on magnitudes of contact stresses, but the contact position is 
slightly shifted toward the gear edge with increasing assembly error (Figure 6(a) and (b)). The red curves represent the 
centerline of the gear along the tooth width in Figure 6, and the red curves in stress contours that appear later in this 
article also represent the centerline of the gear. The axial displacement error (ΔA ) and center distance errors (ΔC ) have 
no effect on contact stresses unless the values of axial displacement error and center distance error are too large. If 
ΔA  and ΔC  are too large, severe contact stresses appear on the addendum edge of the gear at contact positions 10 
and 20. With the gear set rotates, the pinion rotates exactly one cycle from contact position 10 to 20, so the stresses 
are almost equal at these two contact positions. Among them, the stress contours of contact position 10 is shown in 
Figure 6(c) and (d). In Figure 6(c), it can be seen that the offset of the contact patterns increases with the increase of 
the magnitude of ΔA . In Figure 6(d), there is no offset of the contact patterns with the increase of the magnitude of ΔC
.

https://www.scipedia.com/public/File:Draft_Xuegang_614753900-image59.png
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Figure 5. Evolution of contact stresses for gear drives designed for example 1
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Figure 6. Stress contours at specific contact positions under four assembly errors

Figure 7 shows the evolution of bending stresses for the gear drives designed for example 1. The intersecting shaft 
error (ΔV ) and crossing shaft angle error (ΔH ) have no effect on bending stresses. The axial displacement ΔA ) error 
and center distance error (ΔC ) have no effect on bending stress unless the values of axial displacement error are too 
large. If ΔA  is too large, the mean bending stresses are increased. To sum up, the suitable assembly error is not 
sensitive to the contact stress and bending stress of the curvilinear gear sets.

Figure 7. Evolution of bending stresses for gear drives designed for example 1
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4.2. Example 2

In section 4.1, it has been confirmed that assembly errors benefit the reduction of transmission errors for the gear 
drives with parabolic profile. In this section, assume that the assembly error of the gear drives is defined as ΔH = 0.2°, 
the cutter mean pitch radius R = 40 mm, the offset distance of parabolic profile Δytp = 0 mm. The parabola coefficient 
is determined as the independent experiment variable. The design data of parabola coefficients are shown in Table 3.

Table 3. Design data of different parabola coefficients

Case 1 2 3 4
Parabola coefficient, apf (1/mm) 0 0.0005 0.001 0.0015

Figure 8 shows the evolution of contact stresses for the gear drives designed for example 2. Maximum contact 
stresses during the meshing cycle occur at contact positions 10 and 20, and the contact stresses decrease with a 
higher parabola coefficient at contact positions 10 and 20. It can be seen from Figure 9 that the maximum contact 
stress at contact position 10 occurs at the tooth tip, which is caused by the insufficient modification of the tooth tip. 
Therefore, the parabolic modification can eliminate the edge contact at the addendum.

Figure 8. Evolution of contact stresses for gear drives designed for example 2

Figure 9. Stress contours at contact position 10 for example 2

Figure 10 shows the evolution of bending stresses for the gear drives designed for example 2. In the meshing cycle, 

https://www.scipedia.com/public/File:Draft_Xuegang_614753900-image66.jpeg
https://www.scipedia.com/public/File:Draft_Xuegang_614753900-image66.jpeg
https://www.scipedia.com/public/File:Draft_Xuegang_614753900-image67.png
https://www.scipedia.com/public/File:Draft_Xuegang_614753900-image67.png


https://www.scipedia.com/public/Xuegang_et_al_2023a 17

Z. Xuegang, H. Xiaobin and G. Bin, Contact stresses and bending stresses analysis of curvilinear cylindrical gears 
generated by a face-milling cutter with parabolic profile, Rev. int. métodos numér. cálc. diseño ing. (2023). Vol. 39, 
(3), 30

the maximum bending stress magnitude increases with the parabola coefficient increment. In the first half cycle 
(Contact position 1-11), with the increase of the parabolic coefficient, the bending stress first decreases and then 
increases; in the second half cycle (Contact position 11-21), it is just the opposite.

Figure 10. Evolution of bending stresses for gear drives designed for example 2

4.3. Example 3

In this group example, the cutter mean pitch radius is determined as the independent experiment variable. The axial 
displacement error ΔA = 0.2 mm, the parabola coefficient apf = 0.0015 1/mm, and the offset distance of parabolic 
profile Δytp = 0 mm. The design data of the cutter mean pitch radius are shown in Table 4.

Table 4. Design data of the cutter mean pitch radius

Case 1 2 3 4
Mean radius of cutter, R  (mm) 40 60 80 100

Figure 11 shows the evolution of contact stresses for the gear drives designed for example 3. In the meshing cycle, the 
maximum contact stresses at any contact position are reduced with the increment of the cutter mean pitch radius. It 
can be seen from Figure 12 that as the cutter radius increases, the width of the contact pattern also increases, at the 
same time, the increase in the width of the contact pattern leads to a decrease in the contact stress. However, the 
center point of the contact pattern is more seriously offset under the same assembly error.
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Figure 11. Evolution of contact stresses for gear drives designed for example 3

Figure 12. Stress contours at contact position 10 for example 3

Figure 13 shows the evolution of bending stresses for the gear drives designed for example 3. In the meshing cycle, 
maximum bending stresses are less affected by the cutter mean pitch radius. To sum up the above, the results show 
that a higher cutter mean pitch radius can improve the meshing characteristics of the gear drives.

4.4. Example 4

In this group example, the offset distance of the parabolic profiles is determined as the independent experiment 
variable under ideal assembly conditions. The cutter mean pitch radius R = 40 mm, and the parabola coefficient apf =
0.0005/mm. The design data of the offset distance of the parabolic profiles are shown in Table 5.

Table 5. Design data of the offset distance of parabolic profiles

Case 1 2 3 4 5
Offset distance of parabolic profile, Δytp  (mm) 0 -1 -2 -3 -4

Figure 14 shows the evolution of contact stresses for the gear drives for example 4. In the meshing cycle, the 
maximum contact stress occurs at contact position 10 and 20, it reduces with higher the offset distance towards tooth 
root at these contact position. The contact stresses increase with higher the offset distance except contact position 10 
and 20. It can be seen from Figure 15 that the reason for the reduction of the contact stress at the contact position 10 
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Figure 13. Evolution of bending stresses for gear drives designed for example 3

is that the addendum edge contact is gradually eliminated in the process of increasing the offset amount. Therefore, 
an appropriate offset amount can reduce the maximum contact stress during the meshing cycle.

Figure 14. Evolution of contact stresses for gear drives designed for example 4

Figure 16 shows the evolution of bending stresses for the gear drives designed for example 4. In the meshing cycle, 
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Figure 15. Stress contours at contact position 10 for example 4

maximum bending stresses are reduced with the increment of the offset distance of the parabolic profile. Bending 
stresses are increased with the increment of the offset distance during the first half cycle (Contact position 1-11). In 
addition, bending stresses are reduced with the increment of the offset distance during the second half cycle (Contact 
position 11-21). To sum up the above, the obtained results show higher offset distance toward the tooth root will bring 
about worse mechanical behavior, higher vibration, and noise for the gear drives without edge contact.

Figure 16. Evolution of bending stresses for gear drives designed for example 4

5. Conclusions
Contact and bending stresses of the curvilinear cylindrical gear drives are investigated by four groups of examples, 
respectively. Based on the research work, the following conclusions can be drawn:

(1) The assembly error is not sensitive to contact stress and bending stress of gear drives. The curvilinear cylindrical 
gear drives are more suitable for industrial applications with assembly errors.

(2) Tooth flank modification can eliminate tooth tip-edge contact, but it will increase bending stress at the tooth root.

(3) The offset of the modified parabola can also eliminate the tip-edge contact, which reduces the bending stress at the 
tooth root.
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(4) If the cutter pitch mean radius is increased, then the width of the contact pattern is increased, and contact stresses 
on gear tooth surfaces is decreased. Therefore, a higher cutter mean pitch radius can improve the mechanical 
performances of the curvilinear cylindrical gear drives.
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Nomenclature

R Cutter mean pitch radius
a Addendum coefficient
b Dedendum coefficient
W Face width of gear
N Number of teeth
m Module
ρ Edge radius coefficient
r Pitch radius of the gear
an Normal pressure angle
Si Coordinate system i  with three mutual perpendicular axes xi , yi  and zi

Mj ,i Homogeneous matrix of coordinate transformation from Si  to Sj

r Position vector of gear tooth surface
n Unit normal vector of gear tooth surface
ψ Generalized parameter of motion during generating process of gear
C Center distance
ΔC Center distance error
ΔA Axial displacement error
ΔH Crossing shaft angle error
ΔV Intersecting shaft angle error
apf Parabola coefficient
Δytp Offset distance of the parabolic profile

Superscripts:

p , g  Pinion and wheel of gear set

Subscripts:

Pib , Gib  Convex side of the pinion and wheel
 Pob , Gob  Concave side of the pinion and wheel
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